The equilibrium real interest rate is one of the most discussed variables in economics, although it is unobservable. While it has been estimated with respect to various developed countries, this paper is the rst to estimate it for ve developing countries -the BRICS countries. To do so the most widely used model in this respect -the Laubach and Williams model -is used. Moreover, the results are compared to the actual real interest rate to give an indication whether e.g. monetary policy was too tight or too loose in certain periods. The results indicate that we indeed have substantial dierences between the actual and the equilibrium real interest rate going either way. While for China and India monetary policy tends to be too loose in many periods, thus boosting economic growth even further, the reverse seems to be true with respect to Brazil especially in the late 1990s and the beginning of the 2000s. In Russia and South Africa the actual real rate is mainly in line with the equilibrium one, thus monetary policy is neither to loose nor too tight.
Introduction
The equilibrium or natural real interest rate is an important variable in economics.
It is broadly dened as the long-term interest rate consistent witha closed outputgap (thus GDP equaling its potential) and stable prices. This concept dates back to Wicksell (1898) . Unfortunately the equilibrium real interest rate is an unobservable variable. Thus it has to be estimated. While this was done for industrialized countries as the US quiet extensively, the equilibrium real interest rate for emerging economies is by now largely unknown. We will try to ll this gap.
However, the equilibrium real interest rate is of even larger importance when it is compared to the actual real interest rate, thus giving an indication whether monetary policy is too tight or too loose. If the prior is true than the actual real interest rate exceeds the equilibrium real rate. The reverse is true with respect of a too loose monetary policy. Therefore, we will compare our estimates of the equilibrium real interest rates with the actual values to draw inference upon this issue.
We do so for the ve most important emerging market economies Brazil, China, India, Russia and South Africa, the so-called BRICS countries. These countries are chosen on the one hand because of their importance in the world economy and on the other hand since they provide the best data basis of all developing countries. Moreover, all of these countries referenced on average higher growth rates than industrialized countries, thus leading to a catching-up process with developed countries. This development comes also with a process of disination thus bringing these economies closer to stable prices which are one goal achieved at the equilibrium real interest rate. This paper proceeds as follows: First, the role of the real interest rate and its equilibrium value is explained. Second a literature review on estimates of the equilibrium real interest rate is presented. Third, the Laubach-Williams model is introduced, which is needed to estimate the unobserved equilibrium real rate.
Fourth, the data are explained. And fth, we present and discuss our results. The nal section concludes. 2 Actual and Equilibrium Real Interest Rates
While the actual real interest rate is also inuenced by short-term economic uctuations, e.g. in monetary policy, the equilibrium is a medium-to long-term concept.
It represents the rate that equals aggregate savings and investments in an economy at a normal level of output (closed output-gap), thus guaranteeing a stable price evolution. In the short run monetary policy may inuence both via e.g. an accommodative monetary policy lowering the real rate. However, in the long-run those policies should be neutral since lower interest rates tend to increase ination.
But also when abstracting from those short-term disturbances, aggregate savings and investments are by no means stable. They change according to long-term trends in an economy and thus also alter the equilibrium real interest rate. In literature several of these determinants have been identied. These can be separated into three groups: First, determinants inuencing only aggregate savings, second, determinants inuencing only aggregate investments and third, determinants inuencing both. We will discuss potential determinants in each of the three groups in the following.
Determinants only inuencing aggregate savings are the preference for safe assets and income inequality. Caballero and Farhi (2014) propose that the prior has become especially important in the wake of the nancial crisis because market participants tend to prefer to hold their savings in presumably safer assets if economic uncertainty is high. Therefore, especially in the BRICS countries it is supposed that capital ew out of the countries since those countries are supposed to be less safe. This leads to lower aggregate savings in the BRICS countries, thus increasing the equilibrium real rate all else being equal.
A high level of income inequality, however, tends to increase aggregate savings, as individuals with high incomes have a higher marginal rate of saving. This in turn tends to lower the equilibrium real rate, all else being equal. According to the Worldbank database the BRICS are among those countries with higher income inequality with Gini-coecients to be highest among the ve countries in South Africa with 63.4 percent and lowest in India with 35.2 percent.
Factors inuencing only aggregate investments are the degree of innovation, regulation and investment prices. In the prior case a low degree of innovation, typically measured by total factor productivity, may result in lower aggregate investments, as new machinery does not generate a signicant benet in comparison to older equipment. Gordon (2014) , however, believes that low total factor productivity is the new normal rather than a temporary exception, and assumes lower growth rates on this basis. However, forecasting total factor productivity is a dicult task. Mokyr (2014) and Glaeser (2014) , for example, argue that some innovations still have the potential to boost total factor productivity, such as information technology, biotechnology, or new materials. However, a low degree of total factor productivity is currently only observed in some industrialized countries and not so much in the BRICS, thus this should be less of an issue in our case.
Moreover, a high degree of regulation in the product markets tends to decrease aggregate investments permanently, thus increasing the equilibrium real interest rate all else being equal. However, these regulations can also be changed by the governing OECD countries, so these authors are to the best of our knowledge the only ones to present at least some evidence with respect to the BRICS-countries real equilibrium interest rates although they do not present individual country results. For a considerably shorter sample period ranging only from 1999 to 2015 they nd that the world equilibrium interest rate including the BRICS countries is much more volatile than the estimates without this group of countries. More precisely, the estimates tend to be higher in the early 2000s but are decreasing even more afterwards, so the equilibrium becomes even negative in 2007/08 the beginning of the nancial crisis.
Thereafter, it is slightly recovering. Comparing this result to the equilibrium real interest rate excluding the BRICS countries shows that including the BRICS leads to higher estimates in the beginning of the 2000s and lower estimates since 2005.
We, however, will be able to verify whether this result is driven by one or more of the BRICS-countries, since we explicitly estimate equilibrium real interest rates for all of them individually.
But before doing so, we present the Laubach-Williams model used for economic inference. 4 The Laubach-Williams Model 
2 Laubach and Williams (2003) also use import prices as a variable in the Phillips curve. We are unable to proceed in that manner here because import price data for are not available for a longer sample period. This would have shortened our sample period considerably, leading to imprecise estimates owing to low degrees of freedom. Moreover, Laubach and Williams (2003) added hours worked to their Phillips curve as a robustness check. We also refrain from adding this specication because of data availability.
The state equations model the time-series generating process of the two unobservable variables, potential output and equilibrium real interest rate. The potential outputȲ is a function of its lagged own value and its unobservable growth rate g (Equation (3)). The growth rate of the potential output is in itself a state variable following a random walk (Equation (4)) as well as the last state variable z (Equation (5)), measuring additional determinants of the equilibrium real rate, such as the time preference of households. The last two equations, (6) and (7), show how the real rate and its equilibrium value are built. In order to save degrees of freedom, the ination expectations in the real rate are modelled simply by the using adaptive expectations, thus being the lagged ination rate. The equilibrium real rate is generated in line with Laubach and Williams (2003) , representing the sum of trend growth and any additional factors. These additional factors are restricted to having an inuence of unity on the equilibrium real rate.
However, Laubach and Williams (2013) point out that the error terms in the state equations (4) and (5) are biased towards zero if the model is estimated in one step. This is due to the so-called pile-up-problem (Stock, 1994 ). 3 The pile-up-problem emerges when pure maximum likelihood methods tend to estimate the standard deviations equal to zero. Given that this is very likely to be the case in our random-walk equations (4) and (5), we have to correct for this.
Secondly, the signal equations are estimated with the Kalman lter, assuming the growth rate of potential output is constant. With these results we are able to compute the median unbiased estimator λ g =
This relationship is used in the third step as a starting point. There we also add the real interest rate gap to the IS-equation and model the growth rate of potential output as a time-varying variable. Based on these results, we compute the median unbiased estimator for the additional variables aecting the equilibrium real interest
In the fourth and nal step we estimate the whole model via maximum likelihood, using the two signal-to-noise ratios.
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The data issue All data is seasonally adjusted. As the relevant interest rate we use the threemonth interbank rate in line with studies in this eld. The interpretation of our results is based on a comparison of the estimated equilibrium real rate and the 4 We use quarterly growth rates throughout as it is also done in the seminal paper. All data except for the Chinese real GDP are collected from the OECD. Chinese real GDP is computed by deating the nominal GDP series of China available from the Federal Reserve Bank of St. Louis by the GDP-deators available from the World Bank. The result corresponds closely to the real GDP available from the Federal Reserve Bank St. Louis at a yearly frequency. observed real rate. For this purpose, we make use of two concepts in measuring the latter: ex-ante and ex-post real rates. The former represents the nominal interest rate minus the expected ination, which in our case are adaptive expectations and thus lagged ination rates (r t = i t − π t−1 ), while the latter is formulated as the interest rate minus the observed ination rate until maturity (r t = i t − π t ).
Even
though the real interest rates dier depending on the concept used, this has only a minor inuence on the results. 6 Results
In this section we present the estimation results of our model for the equilibrium real interest rate 6 and compare these to the observed real interest rates. We have restricted the two coecients α r and c to lying in the range of -0.3 to 0 and 0.5 to
1.5, respectively in line with Belke and Klose (2017). Moreover, these restrictions
are well in line with the ndings of previous studies where all estimated coecient parameters fall within this margins.
- Table 1 6 Only the nal estimates of the fourth step are presented here. The results for the previous steps are available from the authors upon request. turn out to be rather low with about 0.5 while for the remaining three countries the estimates are well above unity. But only in Russia and South Africa the coecient turns out to be signicant.
Our median unbiased estimators λ g and λ z are generally in line with estimates for other countries in previous studies. This holds for the remaining parameter estimates and variances as well. Thus, we feel legitimized in concluding at this stage that the parameter estimates are generally comparable to other studies. We can therefore proceed to our estimates of the unobserved variables. (2003), we will present the results for the unobserved variables using a one-sided (predicted) measure and a two-sided (smoothed) version. One-sided estimates make use only of the data prior to the respective point in time, while the two-sided version uses data from the whole sample period. Although the estimated time series dier depending on which method is used, the policy implications remain the same for both indicators. We proceed by showing the results separately for the unobserved state variables, starting with the potential output/output gap, before turning to the ex-ante and ex-post equilibrium real interest rates.
As in Laubach and Williams

Output gap
Our estimates of the output gaps are given in Figure 2 . The estimated output gaps tend to correspond closely with other output-gap estimates of international organisations especially when the one-sided estimates are considered. For the two sided estimates the output-gaps turn out to be closer to zero with the exception of South Africa.
- Figure 1 about hereWhile we do not want to comment too much on the evolution of the output-gaps, it becomes obvious that the estimates cover closely the cycle of the BRICS countries. This is especially evident in crisis periods, i.e. the Russian crisis in 1998/99 or the nancial crisis in in 2008/09 both associated with a sharp decline in the output gaps of Russia and all BRICS countries, respectively.
Ex-ante real interest rates
We now turn to a comparison of the ex-ante real interest rate and its equilibrium value. Figure 3 shows the one-sided estimates. Firstly, the equilibrium real interest rate in the BRICS countries do not tend to follow a downward trend as the equilibrium real rates in most developed countries do according to other studies. Only for China and to some extend in Russia there is indeed a tendency towards lower equilibrium real rates. - Figure 2 about hereSecondly, the real interest rates in the BRICS countries tend to be much more volatile than those in developed countries. This is especially true for Brazil and Russia in the end 1990s and beginning 2000s but also for the other three countries.
So for all countries except Brazil substantially positive and negative real interest rates are found. The range of those rates is more than 103 percentage points in Russia, about 42 percentage points in Brazil, 25 percentage points in South Africa, 7 Note, however, that the decline in the Russian equilibrium real rate seems to be solely driven by a decline in the year 2009, thus the midst of the nancial crisis. Therefore, the eect may be temporary once the nancial crisis is fully solved. 21 percentage points in China and 16 percentage points in India.
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The larger values in the real interest rates lead, thirdly, also to larger variations of the equilibrium real interest rate in the BRICS countries compared to industrialized countries. Especially in Russia, the range of estimates in the equilibrium real interest rate is with about 22 percentage points rather high. For the other four countries it is with 8, 6, 2.5 and 2 percentage points in Brazil, South Africa, China and India, respectively, considerably smaller.
When comparing the real interest rates with their equilibrium levels it is evident that they deviate substantially for all ve countries in certain periods. However, these deviations are very dierent from country to country. We can identify three dierent groups in this respect: First, China and India tend to have set the real interest rate systematically below its equilbrium level for most of sample period.
Moreover, the real interest rate is not only below the equilibrium estimates but also signicantly lower than it as measured by the one standard deviation band around our equilibrium real rate estimates. This signals that monetary policy in these countries was even too loose, thus economic growth and also ination have been boosted further.
9
Second, in Brazil the real interest rate is set well above its equilibrium value thus depressing economic activity and slowing growth. This holds especially for the end of the 1990s and the beginning of the 2000s where real interest rates exceeded its equilibrium by about 35 percentage points at times. However, it seems to be true even at the end of the sample due to a decline in the equilibrium real interest rate 8 The corresponding maximum and minimum values of the real interest rates: Russia: maximum 71 percent (1998Q2), minimum -32 percent (1999Q3). Brazil: maximum 44 percent (1999Q1), minimum 2 percent (2013Q1). South Africa: maximum 17 percent (1998Q3), minimum -8 percent (1986Q4). China: maximum 7 percent (1997Q4), minimum -14 percent (1995Q1). India: maximum 7 percent (2000Q1), minimum -9 percent (1999Q1). 9 Please note that the real interest rate in India is even signicantly above the equilibrium real rate in the end of the sample, thus opposing our statement we made above. However, this period is too short to draw inference whether there is indeed a systematical change in monetary policy of the Indish central bank. In fact, we have already observed a short period where the real rate was signicantly above its equilibrium in 1999.
into negative territory while the actual real rate stays at levels of about 5 percent.
For the third group, incorporating Russia and South Africa, inference is mixed.
In fact, we nd periods where the real rate is signicantly above and below the equilibrium value. However, for most periods both variables are not statistically dierent from each other, thus the central banks of both countries neither supported nor depressed the economy by their policies. With respect to Russia we can only identify a substantial deviation of actual and equilibrium real interest rates around the time of the Russian crisis in 1998/99. Here the monetary policy tends to be too restrictive at rst and too loose thereafter. For South Africa we nd one period in the mid-1980s where monetary policy tends to be too loose, while it seems to have been too tight in the mid-1990s. However, at the end of the sample in both countries actual and equilibrium real interest rates are rather similar.
When we estimate the model and smooth the results via a two-sided lter, the results do not change signicantly (Figure 4) . The only dierence is that estimates of the equilibrium real rate are less volatile, which is exactly what we expect when smoothing the time series.
- Figure 3 about hereHence, the three groups identied above can also be found when using smoothed estimates, which are countries setting the real interest rate signicantly below (China and India), above (Brazil) or mainly equal (Russia and South Africa) to its equilibrium value.
6.3
Ex-post real interest rates
When we employ ex-post realized real interest rates instead of ex-ante rates, the estimates for the equilibrium real interest rates are almost unchanged. More precisely, they are only shifted backwards by four quarters, but the estimates themselves remain the same (see Figure 5 for the one-sided time-series, Figure 6 for the two-sided estimates). However, the empirical realizations of the real interest rates might be dierent. While we observe that the values are indeed altered as compared to the ex-ante data, the overall results remain robust. Again we nd the three groups of countries: The rst consists of China and India which tend to set real interest rates systematically above the equilibrium real rate. The second incorporates Brazil where the reverse is true, thus monetary policy tends to be too tight. However, using ex-post real interest rates this deviation at the end of the sample becomes even clearer. While the equilibrium real rate falls to levels below zero, the actual real interest rate even increases to over 10 percent. Finally, the third group with Russia and South Africa set their real interest rates well in line with the equilibrium rates.
- Moreover, we compare our estimate of the equilibrium real interest rate with the actual real rates to draw inference whether monetary policy in those countries was too loose or too tight at certain times.
In fact, we can identify all three possible outcomes in our set of ve countries. (Taylor, 1993) which should by construction bring the actual real rate close to its equilibrium value.
Russia and South Africa do not need to change anything in this respect. However, also these countries should keep an eye on the equilibrium real interest rate and make sure that its actual value does not deviate too much from it in the future. Notes: ML-estimation; BR=Brazil, CN=China, IN=India, RU=Russia, SA=South Africa; standard errors in parenthesis; ***/**/* means signicance at the 1%/5%/10% level. 
